Analytic number theory
Solutions to Exercise Sheet 4

Exercise 1. Note that if p|n and p > /n, then p is the unique prime with this property, i.e. if ¢|n, is a
prime dividing n, then either ¢ = p or ¢ < y/n, in fact suppose q # p and q > /n, then gp|n and at the
same time gp > n which is a contradiction. For the same reason p? f n. On the other hand for each prime
p < z and each integer a < p the number pa has a prime divisor bigger than its square root (namely p). In
particular we get

Sy =Y 1-Y > "1

n<lz p<lz a<p
ap<x

We focus on the second summation: notice that if p < /2, then the condition a < p implies the condition
ap < . If otherwise p > 2/2 then the condition ap < z implies the condition a < p. In particular we can

e o> 1= > 1+ > Y 1 (0.1)

p<z a<p p<zl/2a<p z1/2<p<za<lz/p
ap<x

We have esimating crudely (in the first step)

Y Sicve 3 1=0(/loga),

pgx1/2 a<p prI/Z

the latter following by Chebyschev’s Theorem applied to w(y/x). For the second summand on the right hand
side of (0.1) we get:

Yo > 1= > lz/p]

x1/2<p<za<z/p xl/2<p<zx

Y Ly > o)

11/2<p§9cp zl/2<p<z

L z(loglog z + C' —loglog /2 — C 4+ O(1/log x)) + O(x/ log x)
(log2)x + O(z/log x),

using that loglog #'/2 = loglog x — log2. In t we apply the stated version of Merten’s Theorem for the first
summand and the Chebyschev’s Theorem for the second.
We conclude:

S(x) = Z 1—(log2)z + O(z/logx) = 2(1 —log2) + O(x/ log x).

n<lx



Exercise 2. We have

GRS N

n<lz p<lxnlz
pln

DIP

p<za<lz/p

= le/p]

p<z

—xz +ZO

p<x p<z
=zloglogz + Cx 4+ O(x/log ),

using both Merten’s and Chebyschev’s Theorem.
For Q(n) we compute similarly

D2 Am=> > > 1

n<z p<z n<z 0<l:ptln

pln

=> > |/

PIT 1< o8

=S la/l+ Y D> /'

<z <gpl/2 log z
P~ psT 2<i<y Tosp

where for the second summation we used that if p contributes to the sum, then p < /2. The first summation
is Y, <, w(n). We proceed in analyzing the second further:

S % (S+ow)-a X ¥ Lot X1

1/2 log 1/2 1 1/2
p<x 2§l§m p<azl/ 2<I<y ng p<zt/

L. Z Z 7+O z'/?).

p<zt/2 2<l<1°gT

Notice that

1 1 1
PV - -
sigles ¥ 20V e i
log =
1 p_logp_l
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We obtain therefore

2 2 (zfl +O<1)) =2 (fcp(pll) - pll) + 0@

p<zl/? o< o8s p<azl/?
1
=z Z + O(xl/Q)
ped, PP 1)
1 1
=z Z — —=x Z + 0(z'/?).
e L B TOR 4 Gy
Now notice that »° . 1/ ﬁ = O(x~"/?) and denote ¢ = D <p<oo ﬁ < 00. Summarizing everything
we have
Z Q(n) = Z w(n) + cx + O(x/?).
n<z n<z

Exercise 3. By definition

O(z) =Y logp=log [ [[p| =log(C(z)) = C(x) =e®@.

p<z p<z

Let p1, ..., pr, be all the primes < x and p}* < 2 < p;***. Then by definition of A(n),

Y(z) =) An)

n<z

= > > AW@Y

Pi€{P1,eespr} 1SNy

= > ) log(p)

Pi€{p1yeeespr} 1SNy

Exercise 4. (a)

O(Cly),y) =#{n <C(y) : pln = p>y}
=#{n<Cy) : p<y = pin}
=#{n<C(y) : (n,C(y)) =1}

= ¢(C(y)) = C(y) l:[(l -p ) =Cly) (bﬁy +0 ((logly)2)> ’

where for the last line we have used what has been done in the class. This gives the desired result.



Remark 1. Or we can do in other way that we were discussing in the class. For that we let Ag = {n <
C(y) | d|n}. Then we have by inclusion exclusion principle,

Cly) — 2(C(y),y) = [ Up<y 4yl
== ) u(d)|Ag] + |4

d|C(y)
= Y w1 D2 o)
d|C(y)
— o) = 3w 1oy )
d|C(y) d|C(y)
— 2(Cl).) =€) [[ (1 -p7) +0")
— 2(Cl).) = ) [[ (1~ ) + 0/ o51),

Here one can check by using the derivative and try to understand that that e¥/1°8¥ < ¢e¥/(logy)?
C(y)/(logy)*.

(b) From the previous exercise, C(y) = e®®) ~ e¥ from Chebyshev’s theorem, done in class. But for
our case, there exists sufficiently large C' such that z > ¢“Y = =z ~ Y ~ C(y)¢. But for us

C(y)A C(y)® A z
B(C(y),y) ~ T2 — B(C(y),y) ~ YL A = B(z,y) ~ 224

Exercise 5. (a) = (b): By assumption there exists C' > 0 such that for all n > 1 we have
|[f(n)] < On.

Let Re(s) > A+1land § =Re(s) —A—-1>0

|§: f(n)| < CinAfRe(s) < i .

In particular o, (f) > A+ 1.
(b) = (a): Suppose o,(f) < co. In particular for any s € C with Re(s) > 0,(f) we have that

Z nRe( )

Fix any s with Re(s) > o,(f). The absolute convergence implies that lim,,_ |{7(LZ| L —0. In particular there

exists a Ng € N such that for all n > Np it holds that |f(n)| < nRe) Let M = max,—; No L’;(:(Lz! By
setting C' = max(M, 1) we get that for all n > 1:

|f(n)] < CnRel®

and we may want to choose A = Re(s).



